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Abstract 

  

The pulse propagation beyond ultrashort range in optical communication system within non-Kerr media 

can be modelled by a higher order nonlinear Schrödinger equation with non-Kerr cubic quintic 
nonlinearity. This paper deals with various type of travelling wave solution of a higher order cubic-quintic 

nonlinear Schrodinger equation (HOCQNLSE). Using traveling wave ansatz, the HOCQNLSE is 

converted to a Liénard equation and the solutions are used to describe the bright and dark optical soliton of 

HOCQNLSE. 
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1. Introduction 

  

The exact solution of nonlinear evolution equations (NLEE) has a great role to describe 

various physical phenomena. A large number of NLEEs describe physical phenomena, 

especially the dynamics of electromagnetic wave in fluid, plasma, optical fiber and so on. 

The solutions of the NLEEs deriving from the physical model are largely associated to 

describe phenomenological events in nature. With the development of soliton theory, 

various direct analytical methods are evolved to solve the NLEEs exactly. Such as:  

tanh method [1, 2, 3], extended tanh method [4, 5], (G`/G)-expansion method [6, 7, 8], 

modified simple equation method [9, 10, 11, 12], Jacobi elliptic function method [13, 14], 

first integral method [16, 17, 18], Kudryashov method [19, 20], Generalized 

Kudryashov method [21] and the list is countless.  

 In optical fiber, balance between self-phase modulation and anomalous dispersion 

causes the existence of solitons, a localized wave of permanent form. The solitons in 

optical fibers are called optical solitons [22, 23], the mathematical description for existence 

of which is reported in the Ref.[24]. Solitons are used to form a transmission system to 

increase the performance in optical telecommunications. The experimental observation of 

which is done by Mollenauer et. al. [25]. Therefore, solitons play an important role in the 

wave (pulse) propagation through the media of optical fibers. Hence, we are interested to 

extract this kind of solutions from a proposed model of pulse propagation through optical 

fibers. Different kind of NLSE type equations has been used to model the propagation of 

pulse through optical fibers that constitutes optical solitons [26, 27, 28]. 

 

2. Description of Model: 

 In this article, we shall consider the cubic-quintic higher order nonlinear 

Schrodinger equation (NLSE) [29, 30] given by, 
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This equation was derived to describe the propagation of optical pulse in optical fiber 

considering the non-Kerr effect. Here 𝑢(𝑧, 𝑡) is the slowly varying envelope of the electric 

field, z is the normalized distance along the fiber, and t is the normalized time with the 

frame of the reference moving along the fiber at the group velocity. The subscripts z and t 

denote the spatial and temporal partial derivatives, respectively. The coefficients 𝛼𝑖(𝑖 =
1,2, … 5) are the real parameters related to group velocity dispersion, self-phase 

modulation, third order dispersion, self-steepening and self-frequency shift due to 

stimulated Raman scattering (SRS), while i = 6, 7 and 8 are the quintic non-Kerr terms. 

When α3  = α7  = α8  = 0,  the  equation  is  known  as  Cubic  quintic  NLSE. If α4 = α5 

occurs in cubic-quintic NLSE, it is known as Dysthe equation.  In absence of quintic 

(non-Kerr) nonlinearity, the equation is known as Hirota equation. 

 In this article we shall solve the Eq. (1) using the conventional travelling wave 

ansatz.  The transformed equation, a Li énard equation, will again be transformed to our 

desirable form. Finally, by direct integration technique and using the solution of 

transformed equation we get our desired solution of Eq. (1). 

 

3. Travelling Wave Solution: 

Let us consider a travelling wave transform 

 
Here 𝑘, 𝜔 are arbitrary constants and the function 𝑈(𝑧, 𝑡) is real. The function 𝜃 is called the 

linear phase shift function. Applying the transformation (2) to Eq. (1) we get the following 

equations after removing the exponential term: 

 
where 𝑈𝑧 , 𝑈𝑡 , 𝑈𝑡𝑡 , 𝑈𝑡𝑡𝑡  denotes the partial derivatives of the function  𝑈 with respect to 

independent variables z and t. The constants 𝑎1 = −2𝛼1𝜔 + 3α3𝜔2, 𝑎2 = 𝛼1 − 3𝛼3𝜔, 𝑎3 =
𝛼2 − 𝛼4𝜔, 𝑎4 = 2𝛼4 + 𝛼5, 𝑎5 = 𝛼4 + 𝛼5, 𝑎6 = 𝑘 + 𝛼1𝜔2 − 𝛼3𝜔3, 𝑎7 = 𝛼6 − 𝛼7𝜔, 𝑎8 =
3𝛼7 + 2𝛼8, 𝑎9 = 2(𝛼7 + 𝛼8). Now we apply the travelling wave transform 𝜉 = 𝑧 − 𝑀𝑡, 𝑀 is 

the travelling wave velocity and the system of PDEs reduces to the system of ODEs: 

 
and 

 
Integrating the Eq. (5) once, ignoring the integrating constant, we obtain 

 
The prime refers to the derivative of the function U with respect to the variable ξ.  

Since U satisfy both the equations (6) and (7), it must satisfy a consistency condition 
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Therefore, the ODE of our consideration from (6) and (7) using the constraint (8) is 

given by: 

 
where 𝑙 = −

𝑎6

𝑎2𝑀2, 𝑚 =
𝑎3

𝑎2𝑀2  and  n=
𝑎7

𝑎2𝑀2 .  Now, the Eq. (9) is a Li énard equation. 

Multiplying (9) by 2𝑈′ to both sides and then integrating we have 

 
where A= −𝑙 =

𝑎6

𝑎2𝑀2 , B=− 
𝑚

2
= −

𝑎3

2𝑎2𝑀2 , C=−
𝑛

3
=−

𝑎7

3𝑎2𝑀2 . Let us consider a transformation 

given by 

 
Applying the transformation (11) to Eq. (10) we get the following ODE 

 
From equation (12), after an integration we obtain the following: 

 
where ξ0 is an integration constant. Define the discriminant ∆ = 4AC − B2. With 

respect to signs of A, B and ∆, we get the following solutions in F by means of direct 

integration technique [32]. 

Case1: (Dark Envelope Soliton) If ∆ = 0, A > 0 and B < 0 then 

 
Therefore, the solution is given by 

 
This solution is a dark envelope soliton. The profile associated with such soliton 

exhibits dip in a uniform background. Hence it is called a dark envelop soliton. 

Case2: (Bright Envelope Soliton) If ∆ < 0, A < 0 and B < 0 then 

 
The next solution is given by 

 
This solution yields a bright envelope soliton of (1). These solutions above are the possible 

solution extracted by the means of integration. Now we shall apply the mathematical 

recipes of the Ref. [33], where the use the transform (11) directly into Eq. (9) to get the 

following form: 
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Now assuming Eq. (18) admits solution of the form 

 
where α, r and s are constants to be determined and ξ0 is an arbitrary constant. Since we 

are interested to find a localized solution and Li énard equation has a solution of the form 

of (19), the assumption to consider the solution of the localized form is justified. Now 

differentiating (19) with respect to ξ twice, we get 

 
and 

 
where Φ(𝜉) = 1 − (2 + 𝑠)𝑒𝛼(𝜉−𝜉0) − 6𝑒2𝛼(𝜉−𝜉0) − (2 + 𝑠)𝑒3𝛼(𝜉−𝜉0) + 𝑒4𝛼(𝜉−𝜉0). 

Substituting Eq. (19)-Eq.(21) in Eq.(18) we get equations satisfied by the undetermined 

coefficients  r, s and α solving which we get 

 
Collecting these values of undetermined coefficients and substituting in (19) we get 

 
Note that the solution is permissible only when l < 0 and n > 0. Hence, within this 

region of permissibility, the solution of Eq. (1), a bright soliton in this case is given by 

 
Both the solutions (17) and (24) has a Gaussian shaped profile. If we launch the solutions 

in a lossless fiber, the pulse will propagate undistorted without change in shape for 

arbitrarily long distances. On the contrary of dark envelope solitons, this is called bright 

envelope solitons due to obvious nature.  

                                                                                                                                                     

4. Conclusion: 
The nonlinear Schrodinger equation is a powerful mathematical model which has found wide 

application in the nonlinear description of many different physical systems, including water 

waves, Bose-Einstein condensates, and plasmas. One of the most important applications of the 

equation, however, has been in the description of pulse propagation in single-mode optical 

waveguides. In this form the equation predicts many well-characterized phenomena including 

soliton propagation, modulation instability, self-steepening, and parabolic pulse propagation 

for various appropriate combinations of the nonlinearity and dispersion parameters. In this 

paper, we have investigated a HOCQNLSE modelling the propagation of ultrashort 

(femtosecond) optical pulses in nonlinear optical fibers. The model used combines cubic and 

quintic nonlinearities, as well as the self-steepening and self-frequency shift effects. Thus, the 
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solitary wave solutions for the HOCQNLSE equation with non-Kerr term can be applied 

practically to the systems to describe the propagation of dark optical pulses beyond 

femtosecond embedded with finite-width background bright pulses because here ideally group 

velocity dispersion and third order dispersion approaches zero value i.e. the solitary wave 

cannot be destroyed. Thus, the solitary envelopes, could find applications in 

telecommunication because the dark pulses are less prone to disperse than regular bright pulses, 

but also the HOCQNLSE with non-Kerr terms may be the new theoretical model equation for 

experimental designing of Photonic Crystal Fiber to achieve highly efficient dark soliton pulse 

propagation and to study the laser pulse compression dynamics to achieve significant 

enhancement of the spectral width.  

The Lienard equation method is used to construct families of bright and dark solutions for the 

nonlinear dynamical model. Conditions for the existence of propagating envelope solutions 

have also been reported. The solutions may be important to study some physical phenomena in 

the similar physical context and the mathematical technique again shows the importance of 

direct methods in handling the NLEEs arising from nature. 
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